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ABSTRACT 

The Stallings construction for f.g. subgroups of free groups is generalized by in- 
troducing the concept of Stallings section, which allows an efficient computation of 
the core of a Schreier graph based on edge folding. It is proved that those groups 
admitting Stallings sections are precisely f.g. virtually free groups, through a con- 
structive approach based on Bass-Serre theory. Complexity issues and applications 
are also discussed. 



1 Introduction 

Finite automata became over the years the standard representation of finitely generated 
subgroups H of a free group Fa- The Stallings construction constitutes a simple and efficient 
algorithm for building an automaton S{H) which can be used for solving the membership 
problem of H in Fa and many other applications. This automaton S{H) is nothing more 
than the core automaton of the Schreier graph (automaton) of H in Fa, whose structure can 
be described as S(H) with finitely many infinite trees adjoined. Many features of S(H) were 
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(re) discovered over the years and were known to Reidemeister, Schreier, and particularly 
Serre [16] . One of the greatest contributions of Starlings [17J is certainly the algorithm to 
construct S(H): taking a finite set of generators hi, ... , h m of H in reduced form, we start 
with the so-called flower automaton, where petals labelled by the words hi (and their inverse 
edges) are glued to a basepoint go : 



l>2 




Then we proceed by successively folding pairs of edges of the form q^—p-^r until no more 
folding is possible (so we get an inverse automaton). And we will have just built S(H). For 
details and applications of the Stallings construction, see (DO [13]. 

Since S(H) turns out to be the core of the Schreier graph of H < Fa, this construction 
is independent of the finite set of generators of H chosen at the beginning, and of the 
particular sequence of foldings followed. And the membership problem follows from the 
fact that S{H) recognizes all the reduced words representing elements of H... and the 
reduced words constitute a section for any free group. 

Such an approach invites naturally generalizations for further classes of groups. For 
instance, an elegant geometric construction of Stallings type automata was achieved for 
amalgams of finite groups by Markus-Epstein |12j . On the other hand, the most general 
results were obtained by Kapovich, Weidmann and Miasnikov [8j for finite graphs of groups 
where each vertex group is either polycyclic-by-finite or word-hyperbolic and locally quasi- 
convex, and where all edge groups are virtually polycyclic. However, the complex algorithms 
were designed essentially to solve the generalized word problem, and it seems very hard to 
extend other features of the free group case, either geometric or algorithmic. Our goal in the 
present paper is precisely to develop a Stallings type approach with some generality which 
is robust enough to exhibit several prized algorithmic and geometric features, namely in 
connection with Schreier graphs. Moreover, we succeed on identifying those groups G for 
which it can be carried on: (finitely generated) virtually free groups. 

Which ingredients shall we need to get a Stallings type algorithm? First of all, we need 
a section S with good properties that may emulate the role played by the reduced words 
in the free group. In particular, we need a rational language (i.e. recognizable by a finite 
automaton). We may of course need to be more restrictive than taking all reduced words, 
if we want our finite automaton to recognize all the representatives of H </. ff . G in S. To 
get inverse automata, it is also convenient to have S = S^ 1 

Second, the set S g of words of S representing a certain g G G must be at least rational, 
so we can get a finite automaton to represent each of the generalized petals. 

Third, the folding process to be performed in the (generalized) flower automaton (com- 
plemented possibly by other identification operations) must ensure in the end that all rep- 
resentatives of elements of H in S are recognized by the automaton. And folding is the 
automata-theoretic translation of the reduction process w —> w taking place in the free 
group. So we need the condition S gig2 C S gi S g2 , to make sure that the petals (correspond- 
ing to the generators of H) carry enough information to produce, after the subsequent 
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folding, all the representatives of elements of H. And this is how we were led to our 
definition of Stallings section. 

It is somewhat surprising how much we can get from this concept, that turned out to be 
more robust than one would expect. Among other features, we can mention independence 
from the generating set (so we can have Stallings automata for free groups when we consider 
a non canonical generating set!), or a generalized version of the classical Benois Theorem. 
We present some applications of the whole theory, believing that many others should follow 
in due time, as it happened in the free group case. 

The paper is structured as follows. In Section 2 we present the required basic concepts. 
The theory of Stallings sections is presented in Section 3. In Section 4, we discuss the 
complexity of the generalized Stallings construction in its most favourable version. In 
Sections 5 and 6 we show that existence of a Stallings section is inherited through free 
products with amalgamation over finite groups and HNN extensions over finite groups, 
respectively. In Section 7, we prove that those groups admitting a Stallings section arc 
precisely the finitely generated virtually free groups. In Section 8, we show that we can 
assume stronger properties for Stallings sections with an eye to applications, namely the 
characterization of finite index subgroups. Finally, we present some examples in Section 9. 

2 Preliminaries 

Given a finite alphabet A, we denote by A* the free monoid on A, with 1 denoting the 
empty word. A subset of a free monoid is called a language. 
We say that A = (Q,qo,T, E) is a (finite) ^-automaton if: 

• Q is a (finite) set; 

• q G Q and T C Q; 

• E C Q x A x Q. 

A nontrivial path in A is a sequence 



with (pi_i,ai,pi) G E for i = 1, . . . , n. Its label is the word a\ ■ ■ ■ a n G A + = A* \ {1}. It is 
said to be a successful path if po = qo and p n G T. We consider also the trivial path p — >p 
for p G Q- It is successful if p = qo G T. The language L(A) recognized by A is the set of all 
labels of successful paths in A. A path of minimal length between two vertices is called a 
geodesic, and so does its label by extension. 

The automaton A = (Q, qo,T, E) is said to be deterministic if, for all p G Q and a G A, 
there is at most one edge of the form (p, a, q). We say that A is trim if every q G Q lies in 
some successful path. 

Given deterministic ^4-automata A = (Q, qo, T, E) and A' = (Q', q' , T', E'), a morphism 
(f : A — >■ A' is a mapping ip : Q — >■ Q' such that 

• qo^p = q'o and Tip C T'\ 

• {pip, a, qip) G E' for every (p, a, q) G E. 
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It follows that L(A) C L(A') if there is a morphism ip : ^4 — > A'. The morphism (/? : .4. — >■ .A' 
is: 

• injective if it is injective as a mapping ip : Q —> Q'; 

• an isomorphism if it is injective, T' = Tip and every edge of E' is of the form {pip, a, gy) 
for some (p, a, g) € i£. 

The star operator on A-languages is defined by 

L* = (J L n , 

n>0 

where L° = {1}. A language L C A* is said to be rational if L can be obtained from 
finite languages using finitely many times the operators union, product and star (admits a 
rational expression). Alternatively, L is rational if and only if it is recognized by a finite 
(deterministic) A-automaton A = (Q, qo, T, E) [3l Section III]. The definition generalizes to 
subsets of an arbitrary monoid in the obvious way. 

We denote the set of all rational languages L C A* by Rat A* . Note that Rat A* , 
endowed with the product of languages, constitutes a monoid. 

In the statement of a result, we shall say that a rational language L is effectively con- 
structible if there exists an algorithm to produce from the data implicit in the statement a 
finite yl-automaton A recognizing L. 

It is convenient to summarize some closure and decidability properties of rational lan- 
guages in the following result (see [3] e.g.). The prefix set of a language L C A* is defined 
as 

Pref(L) = {u G A* \ uA* n L + 0}. 

A rational substitution is a morphism <p : A* — > Rat B* (where Rat B* is endowed with 
the product of languages). Given K C A* , we denote by Kip the language Uu^ku^ ^ B* . 
Since singletons are rational languages, monoid homomorphisms constitute particular cases 
of rational substitutions. 

Proposition 2.1 Let A be a finite alphabet and let K,L C A* be rational. Then: 

(i) K U L, K C\ L, A* \ L, Pref(L) are rational; 

(ii) if ip : A* — > RatB* is a rational substitution, then K<p is rational; 

(Hi) if ip : A* —7- M is a monoid homomorphism and M is finite, then Xip' 1 is rational 
for every X C M . 

Moreover, all the constructions are effective, and the inclusion K C L is decidable. 

Given an ^.-automaton A and L Q A* , we denote by An L the A-automaton obtained 
by removing from A all the vertices and edges which do not lie in some successful path 
labelled by a word in L. 

Proposition 2.2 Let A be a finite A-automaton and let L C A* be a rational language. 
Then An L is effectively constructible. 
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Proof. Write A = (Q, qo,T, E) and let A' = (Q', q' , T', E') be a finite A-automaton recog- 
nizing L. The direct product 

A" = (QxQ',(q ,q' ),TxT',E") 

is defined by 

E" = {((p,p'),a,(q,q')) | (p, a, q) G E, (p , a, q) G E'}. 

Let B denote the trim part of A" (by removing all vertices/edges which are not part of 
successful paths in A"; this can be done effectively). Then An L can be obtained by 
projecting into the first component the various constituents of B. □ 

Given an alphabet A, we denote by A -1 a set of formal inverses of A, and write A = 
A U A" 1 . We say that A is an involutive alphabet. We extend _1 : A — > A^ 1 : a i-> a -1 to 
an involution on A* through 

(a~ 1 )~ 1 = a, (uv)' 1 = v^u' 1 (a G A, u,v G A*) . 

An automaton A over an involutive alphabet A is involutive if, whenever (p, a, q) is an 
edge of A, so is (q,a~ l ,p). Therefore it suffices to depict just the positively labelled edges 
(having label in ^4) in their graphical representation. 

An involutive automaton is inverse if it is deterministic, trim and has a single final 
state (note that for involutive automata, being trim is equivalent to being connected). If 
the latter happens to be the initial state, it is called the basepoint. 

The next result is folklore. For a proof, see [1] Proposition 2.2]. 

Proposition 2.3 Given inverse automata A and A' , then L(A) C L(A') if and only if 
there exists a morphism : A A' . Moreover, such a morphism is unique. 

Given an alphabet A, let ~ denote the congruence on A* generated by the relation 

{{aa-\l) | a G A}. (1) 

The quotient Fa = A* /~ is the free group on A. We denote by 9 : A* — >• Fa the canonical 
morphism u i— > [u]~. 

Alternatively, we can view |1| as a confluent length-reducing rewriting system on A*, 
where each word w G A* can be transformed into a unique reduced word W with no factor 
of the form aa~ 1 . As a consequence, the equivalence 

u ~ v ^ u = v (u,v G A*) 

solves the word problem for Fa- We shall use the notation Ra = A*. 

We close this section with the classical Benois Theorem, which relates rational languages 
with free group reduction: 

Theorem 2.4 J||/ If L C A* is rational, then L is an effectively constructible rational 
language. 
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3 Stallings sections 



Let G be a (finitely generated) group generated by the finite set A. More precisely, we 
consider an epimorphism ir : A* — >■ G satisfying 

a _1 7r = (air)^ 1 for every a E A. (2) 

A homomorphism satisfying condition ([2]) is said to be matched. Note that in this case ([2]) 
holds for arbitrary words. For short, we shall refer to a matched epimorphism it : A* — > G 
(with A finite) as a m-epi. 

We shall call a language S" C ^4* a section (for 7r) if Svr = G and S 1 " 1 = S. For every 
I C G, we write 

s x = Xtt- 1 n s. 

We say that an effectively constructible rational section S C i?^ is a Stallings section 
for 7T if, for all g,h £ G: 

(51) 5 S is an effectively constructible rational language; 

(52) Sgh C Sg^/j. 

Note that (S2) yields immediately 

Sgi-g n — Sgi ' ' ' &gn (3) 

for all 5i, ... € G. Moreover, in (SI) it suffices to consider S an for a £ A. Indeed, by 
([3]), and since S^ 1 = S and S g iT = g for every g G G, we may write 

and S -i = S~)r for all G A. Then, by Proposition 12.11 and Theorem [231 is a rational 
language for every g G G; furthermore, it is effectively constructible from <S aivr , . . . , S an7r . 

Note that if S is a Stallings section, then S U {1} is also a Stallings section. Indeed, 
it is easy to see that conditions (SI) and (S2) are still verified: namely, if gh = 1, then 

1 G SgSg 1 = SgSh and so S g h U {1} C S g Sh as required. 

The next result shows that the existence of a Stallings section is independent from the 
finite set A and the m-epi tt : A* — > G considered: 

Proposition 3.1 Let ir : A* G and ir : A' G be m-epis. Then G has a Stallings 
section for tt if and only if G has a Stallings section for tt' . 

Proof. Let S Q Ra be a Stallings section for ir. There exists a matched homomorphism 
<p : A* —¥ A 1 such that (piv' = it. Write S' = Sip. By Proposition I2.1f ii) and Theorem 12. 4^ 
S' is an effectively constructible rational subset of Ra' ■ We claim that 

S'g = Sg^ (4) 

holds for every g G G. 

Indeed, let u G S' g . Then u = Wp for some v G S and vir = vpir' = vpir' = utt' = g. 
Hence w£S 9 and so S' g C S g <p. 
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Conversely, let v G S g . Then wp G Sep = S' and wpir' = vipir' = vtt = g, hence wp G S' g 
and so (jU) holds. 
Since 

(s 1 )- 1 = (s^y 1 = {Sip)- 1 = s^v = = s', 

it follows from (JU) that S' is a section for tt'. Moreover, (SI) is inherited by S' from S by 
Proposition 12.1( h) and Theorem 12.41 Finally, for all g,h 6 G, we get 

ffgfe = ■Sghl g (S g S h ) tp = (S g S h ) (p 

= (S g <p)(Sh<P) = {S g (p)(S h <p) = S' g S' h , 

hence (S2) holds for S' and so S' is a Stallings section for tt'. By symmetry, we get the 
required equivalence. □ 

Proposition 3.2 Free groups of finite rank and finite groups have Stallings sections. 

Proof. Let A be a finite set and consider the canonical m-epi 9 : A* — > Fa- Let S = Ra = 

A* , which is rational by Theorem 12.41 Since S g =~g for every g G Fa , it is immediate that 
S is a Stallings section for 6. 

Assume now that G is finite and tt : A* — > G is a m-epi. We show that <S = i?A is a 
Stallings section for tt. For every g G G, we have 5 9 = <?vr _1 n i?A = gvr -1 . Since both 
and Ra are effectively constructible rational languages, so is their intersection and 
so (SI) holds. Finally, let u G S g h and take v € S/j. Then (uv~ 1 )tt = ghh^ 1 = g and so 

uv^ 1 € gir^ 1 = S g . Hence u = uv~ 1 v = uv^v G S g Sh and (S2) holds as well. Therefore 
Ra is a Stallings section for tt. □ 

Given a m-epi 7r : A* — > G and H ^ G, we define the Schreier automaton F(G, H, tt) to 
be the ^4-automaton having: 

• the right cosets Hg (g 6 G) as vertices; 

• H as the basepoint; 

• edges Hg-^-Hg(aTr) for all g G G and a G A. 

It is immediate that T(G,H,tt) is always an inverse A-automaton, but it is infinite unless 
H has finite index in G. Moreover, L(T(G, H,tt)) = Htt^ 1 . 

We will prove that T(G, H, tt) n 5" is an effectively constructible finite inverse automaton 
when S" is a Stallings section for tt. The following lemmas pave the way for the construction 
of T(G,H,tt) nS: 

Lemma 3.3 Let tt : A* — > G 6e a m-epi. Let A be a trim A-automaton and let p—>q be 
an edge of A for some a G A. Let B be obtained by adding the edge q- — >p to A. Then 
(L(B))ttC((L(A))tt). 

Proof. Write A = (Q, qo, T, E). We can factor any u G L(B) as u = uqcl^ui ■ ■ ■ a~ l u n , 
where the a -1 label each visit to the new edge. We show that utt G {(L(A))tt) by induction 
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on n. The case n = being trivial, assume that n > 1 and the claim holds for n — 1. Writing 
v = uoa' 1 m ■ ■ • a -1 Un_i, we have a path in $ of the form 

<?o — >q — >P — >t G T. 
Since A is trim, we have also a path 

go — ^ — >q — >t g r 

in .4. By the induction hypothesis, we get (t>z)7r G ((L(A))ir) and so 

ti7r = (va~ 1 u n )ir = ((vz)(z~ 1 a~ 1 w~ 1 )(wu n ))ir G ((L(.A))7r) 

as claimed. □ 

Lemma 3.4 Let ir : A* — > G be a m-epi. Let A = (Q,qo,T, E) be a trim A-automaton and 
let B be obtained by identifying q$ with some t G T. Then (L(B))ir C ((L(A))ir). 

Proof. Let u G L{B). We can factor it as u = u\ ■ ■ ■ u n , where Pi^-qi is a path in A with 
PiiQi ^ {qo, t} (i = 1, . . . , n). In any case, there exist paths 

90 — ►Pi, % — >t G T 

in A with G L(.A) U {1}. Since ViUiWi G L(A), we get -Uj7r = (v~ l (viUiW^w^ 1 )^ G 

((L(^4))7r) for every i and so U7r G ((L(A))tt) as well. □ 

Lemma 3.5 Let it : A* ^ G be a m-epi. Let A be an involutive A-automaton and let 
p^-^-q be a path in A with wtt = 1. Let B be obtained by identifying the vertices p and q. 
Then L(A) C L(B) and (L{B))ir = (L{A))ir. 

Proof. The first inclusion is clear. Since A is involutive, we have also a path q^-^-p in A 
and w~ 1 ir = 1. Clearly, every u G L(B) can be lifted to some v G L(A) by inserting finitely 
many occurrences of the words w,w~ x , that is, we can get factorizations 

u = uqUi ■ ■ ■ u n G L(B), v = u$w £l u\ ■ ■ ■ w Sn u n G L{A) 

with £i, . . . ,e n G {—1, 1}. Since utt = vir, it follows that (L(B))n C (L(.4))7r. The opposite 
inclusion holds trivially. □ 

Since (aa^ 1 )^ = 1 for every a G A, this same argument proves that: 
Lemma 3.6 Let it : A* —> G be a m-epi. Let A be a finite involutive A-automaton and 
let B be obtained by successively folding pairs of edges in A. Then L(A) C L{B) and 

{l{b))k = {l{A))k. 

The next lemma reveals how the automaton T(G, H, ir) n S can be recognized. 
Lemma 3.7 Let S C Ra be a Stallings section for the m-epi ir : A* — > G and let H ^f. g . G. 
Let A be a finite inverse A-automaton with a basepoint such that 

Sh C L(A) C Ftt" 1 , (5) 

t/iere is no paf/i p-^-q in A with p ^ q and wtt = 1. (6) 
Thenr(G,H,7t) nS^AnS. 
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Proof. Since A and T = T(G, H, it) are both inverse automata with a basepoint, and 
L(A) C Hit" 1 = L(T), it follows from Proposition 12.31 that there exists a morphism ip : 
A — > T. Suppose that pip = qip for some vertices p, q in A. Take geodesies 

U V 

qo — >p, qo — >q 

in A, where qo denotes the basepoint. Since pip = qip, we have uv~ l G L£T) = Hit . Let 
so £ Siuv- 1 )^ Sh- Then so G L(A) by ([5]) and so there is a path p- — in A Since 
(u~ 1 sov)tt = (u~ 1 uv~ 1 v)tt = 1, it follows from ([6]) that p = q. Thus ip is injective. 

It is immediate that ip restricts to an injective morphism ip' : A n S — > T n S. It remains 
to show that every edge of T n 5 is induced by some edge of An S. Assume that H-^H 
is a (successful) path in T with s £ S. By ([5]), we have s G and the path qo—^qo 

is mapped by ip' onto H—^H. Since every edge of T n S occurs in some path H-^H, it 
follows that ip' is an isomorphism. □ 

Lemma 3.8 Let S C be a Stallings section for the m-epi ir : A* — > G and let H ^ f g G. 
Let A be a finite inverse A-automaton with a basepoint such that Sh L(A) C Hir^ 1 . It 
is decidable, given two distinct vertices p, q of A, whether or not there is some path p^—tq 
in A with wit = 1. 

Proof. Let p, q be distinct vertices of A and let qo denote its basepoint. Take geodesies 
qo — >p and qo — >q, and let s G Sr uv -i\ n . We claim that there is a path p — >q in A with 
wtt = 1 if and only if s E L(A). 

Indeed, assume that p — >q is such a path. Then uwv' 1 G L(A) and so sir = {uv' 1 )^ = 
(uwv- r )n G H. Thus s £ S H Q L(A). 

Conversely, assume that s G L(A). Then there is a path p— — in A. Since 
(u~ 1 sv)ir = (u~ 1 uv~ 1 v)ir = 1, the lemma is proved. □ 

Theorem 3.9 Let S C be a Stallings section for the m-epi ir : A* — > G and let H 

G. Then T(G, H,ir) n S is an effectively constructible finite inverse A-automaton with a 

basepoint such that 

Sh C L{T{G,H,tt) nS) C Htt-\ (7) 

Proof. Assume that H = (hi, . . . , h m ). For i = 1, . . . , m, let Ai = (Qi, qi,ti,Ei) be a finite 
trim ^4-automaton with a single initial and a single terminal vertex satisfying 

S hi C 1(A) C hur- 1 (8) 

(in the next section we shall discuss how to define such an automaton with the lowest 
possible complexity). Let Bo be the ^-automaton obtained by taking the disjoint union of 
the Ai and then identifying all the qi into a single initial vertex qo. 

Suppose that % — >qi is a path in Ai. Take v G L(Ai). Then uv G L(Ai) C /ij7r _1 and 
so U7r = (uvv^ 1 )^ = hih^ 1 = 1. It follows easily that (L(Bo))ir C (5/ ll U • • • U Sh m )ft C i?. 

Let £?i be the finite trim involutive A- automaton obtained from Bq by adjoining edges 
(g,a _1 ,p) for all edges (p,a,q) in Bo (a G A). It follows from Lemma I3T31 that (L(Bi))tt C 
((L(Bo))tt) C ff. 



9 



Next let E>2 be the ^4-automaton obtained from B\ by identifying all terminal vertices 
with the initial vertex qg. By Lemma [3^1 we get (L(i?2))7T C ((L(Bi))tt) C H. 

Finally, let B 3 be the finite inverse ^-automaton with a basepoint obtained by complete 
folding of B 2 . By Lemma ESI we have (L(B 3 ))n = (L(B 2 ))tt C H and so L(B 3 ) C fT*- -1 . 
Moreover, 

5 /ll U^U5, lm CL(^U--.uI(XJcL(^CL(^ 
and S^ 1 = S 1 yield 

since #3 is involutive and has a basepoint, and therefore 

(S hl U---US hm US h - 1 U---US h ^)* C L(B 3 ) 

since #3 is inverse (the language of an inverse automaton is closed under reduction since 
a word aa _1 must label only loops). In view of (|3|), it follows that Sh C L[Bz) for every 
he H and so S H Q L(B 3 ). Therefore (5j) holds for B 3 . 

However, © may not hold. Assume that the vertex set Q' of B 3 is totally ordered. By 
Lemma 13.81 we can decide if that happens, and find all concrete instances 

J = {(Pi q) £ Q' x Q' I P < Q an d there is some path p—>q in B 3 with W7r = 1}. 

Let £>4 be the finite inverse ^4-automaton with a basepoint obtained by identifying all pairs 
of vertices in J followed by complete folding. Since the existence of a path with label in 
1-7T -1 is preserved through the identification process, it follows from Lemmas 13.51 and 13.61 
that Bi still satisfies ©. 

Suppose that there exists a path p'—>q' in $4 with p' / q' and w'it = 1. We can lift p' 
and q' to vertices p and q in #3, respectively. It is straightforward to check that the path 
p' — >q' can be lifted to a path p — >q in B 3 by successively inserting in w' factors of the 
form: 

• aa~ l (a € A) (undoing the folding operations); 

• z £ 1-7T -1 (undoing the identification arising from r—^-s ). 

Since w'tt = urn, it follows that either (p, q) E J or (q,p) £ J, and so p' = q' , a contradiction. 
Therefore B^ satisfies ([6]). Now the theorem follows from Proposition 12.21 and Lemma 13.71 
□ 

We call T(G,H,ir) n S the Stallings automaton of H (for a given Stallings section S 1 ). 
Note that T(Fa, H, 6) l~l Ra is the classical Stallings automaton of H < t_g 4 Fa when we take 
Ra as Stallings section (for the canonical m-epi 9). 

Stallings automata provide a natural decision procedure for the generalized word prob- 
lem: 

Corollary 3.10 Let S C Ra be a Stallings section for the m-epi ir : A* — > G and let 
H ^f.g. G. Then the following conditions are equivalent for every g G G: 

(i) g € H; 
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(ii) S g C L(T(G,H,tt) nS); 



5 9 n L(r(G, ff, tt) n 5) ^ 0. 

Therefore the generalized word problem is decidable for G. 

Proof, (i) (ii). If g G if, then 5 9 CS H C L(T(G,H,tt) n 5) by Theorem EU 
(ii) =>■ (iii). Immediate since 5 g 7^ due to 5 being a section, 
(hi) => (i). Since S g n L(T(G, #, f)nS)C c^ 1 n fT-n- 1 . 
Now decidability follows from (SI) and Theorem 13.91 □ 

We can also prove the following generalization of Benois Theorem: 

Theorem 3.11 Let S C Ra be a Stallings section for the m-epi tt : A* — > G and let L C A* 
be rational. Then Sin is an effectively constructive rational language. 

Proof. Let ip : A* — > Rat A* be the rational substitution defined by atp = S an , for a G A 
(note that lip = {1} and, for u = a\ ■ ■ ■ a n (at G A), u<p is not S U7r but just S ai n • • • S an -w). 
We claim that 

Suit = S (Imp (9) 

holds for every u G L \ {1}. Let u = a\ ■ ■ ■ a n G L (dj G A). Then by ([3]) we get 

Suit = S ( ai7T y..( an7T ) C S ain ■ ■ ■ S an7r = {anp) ■ ■ ■ (a n ip) = Wp 
and so S un C S PI Wp. 

Since aipir = San^ = an holds for every a G A, the inclusion S n Tup Q S U7T follows from 
Wpir = wpir = utt. Therefore Q holds. 
Now it becomes clear that 

= s n (u u( zLUip) = so Lip 

if 1 ^ L and 

s Ln = (5nl^)u5i 

if 1 G L. 

Now Ly? is an effectively constructible rational language by (SI) and Proposition 12 . If ii) . 
and so is Lip by Theorem 12. 41 Since 5 and S± are rational, it follows from Proposition 12. If i) 
that SL n is rational and effectively constructible. □ 

A natural question to ask at this stage is if we can identify a Stallings automaton for a 
given Stallings section 5. In the classical case of a free group Fa with S = Ra this is an 
elementary thing to do: in this case, an ^4-automaton A is of the form T(Fa, H, it)^Ra = Sh 
for some H ^f. g . Fa if and only if A is inverse, has a basepoint, and has no vertex of 
outdegree one except possibly the basepoint. 

Proposition 3.12 Let S C Ra be a Stallings section for a m-epi it : A* — >• G. It is 

decidable, given a finite A-automaton A, whether or not A = T(G, H, -k) n S for some 

H ^f.g. G. 
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Proof. We may assume that A is inverse and has a basepoint. Write A = (Q, qo, <Zo> E). 
The equality A = A n S is an obvious necessary condition, decidable by Lemma 12.21 Thus 
we may assume that A = A n S (in particular, A is trim). 

Since S C R A and A is trim, it follows that only the basepoint may have outdegree 
1, and so A = S{K) ^ T(F A ,K,6) n R A for some if </. g . F A [H Proposition 2.12]: the 
standard algorithm [H Proposition 2.6] actually computes a finite subset X C i?^ projecting 
onto a basis X6> of K. Let if' = (Xvr) ^ f , g , G. We claim that A = T(G, H, vr) n S for some 
H ^ G if and only if A = T(G, K' , 7r) n S, a decidable condition in view of Theorem 13.91 

The converse implication being trivial, assume that A = T(G, H, ir) n S for some H ?J * ff> 
G. Since words of l7r _1 can only label loops in F(G, H, ir), it follows from Lemma 13.71 that 
we only need to show that 

Sk> C L(^) C K'tt- 1 . (10) 
Since ^ ^ F(F A , K, 9) n it follows from Theorem [3j2 that 

Since Kfl- 1 C ET'vr- 1 , we get L(.A) C if'vr- 1 . Finally, X C C Fvr- 1 yields Xir C H 

and so K' ^ H . Hence 

Sk' CS ff C L(^l) 

by © and so ([10]) holds. Thus A = T(G, K' , vr) n S and we are done. □ 



4 Complexity 

In this section we discuss, for a given Stallings section, an efficient way (from the viewpoint 
of complexity) of constructing the automata A% in the proof of Theorem 13.91 and compute an 
upper bound for the complexity of the construction of the Stallings automata T(G, H, ir)V~\S. 

We say that an ^-automaton is uniterminal if it has a single terminal vertex. It is easy 
to see that there exist rational languages which fail to be recognized by any uniterminal 
automaton (e.g. R A , since regular languages recognizable by uniterminal automata and 
containing the empty word must have a basepoint and so they are submonoids). However, 
we can prove the following: 

Lemma 4.1 Let S C R A be a Stallings section for the m-epi ir : A* — > G and let g € G. 
Then there exists a finite trim uniterminal A- automaton C g satisfying 



S 9 QL{C g ) C 57r -\ 

Proof. Let C = (Q,i,T, E) be the minimum automaton of S g (or any other finite trim 
automaton with a single initial vertex recognizing S g ) and let C g be obtained by identifying 
all the terminal vertices of C. Clearly, C g is a finite trim uniterminal automaton and S g = 
L(C) C L(C g ) yields S g = S g C L(C g ). It remains to be proved that (L(C g ))w = g. 
Let u G L(Cg). Then there exists a factorization u = uoui ■ ■ ■ such that 

I Hq, Si >t\, Sk — >tk 
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Vj 

are paths in C with Sj,tj G T. Take a path i — >Sj in C, for j = 1, . . . , k. Then Vj,VjUj G 
L(C) and so t>j7r = (vjUj)ir = g. Hence Ujir = {vj VjUj)it = g~ 1 g = 1 and so utt = 
(uqUi ■ ■ ■ Ufc)7r = novr = g since no G L(C) = S g . Thus (L(C g ))ir = g and so L(C g ) C <77r _1 as 
required. □ 

We introduce next a multiplication of (finite trim) uniterminal automata: given (fi- 
nite trim) uniterminal ^-automata A = (Q,i,t,E) and A' = (Q' ,i' ,t' , E'), let A* A! = 
(Q" ,i,t' , E") be the (finite trim) uniterminal ^-automaton obtained by taking the disjoint 
union of the underlying graphs of A and A' and identifying t with i! . 

Lemma 4.2 Let S C be a Stallings section for the m-epi ir : A* — > G and let g,g' G G. 
Let A and A' be finite trim uniterminal A-automata satisfying 

S g Q~LjA) C gTT~ l , S g , CLjA 7 ) C g'n- 1 . 

Then 

S ggl CL(A*A')Q(gg')ir- 1 . 
Proof. Since L(A)L(A') C L(A * A'), we get in view of (S2) 

S gg > C 5^SV C L(^)L(^') C L(^*^')- 

Now let it G L(A * A'). Then u labels a path in A * A' of the form 

. «0 Ml «2 "fc-l «fe ,/ 
? >P >p > ■ ■ ■ >p >t , 

where we emphasize all the occurrences of the vertex p obtained through the identification of 
t and i' . Now it is easy to see that there exist paths i-^+t in A and i'—^t' in A' . Moreover, 
for each j = 1, . . . , k — 1, there exists either a path t — J -^t in A or a path i! — 3 -^i' in A' . Now, 
in view of (L(A))n = g and (L(A'))ir = g' , we can use the same argument as in the proof 
of Lemma 14.11 to show that ujtt = 1 for j = 1, . . . , k — 1. Hence U7r = (uoiti • • • itfc)-7r = 
(uqu^tt = gg' and so L(A * A') C {gg')^ 1 as required. □ 

In view of the preceding two lemmas, we can now set an algorithm to construct the 
automata Ai in the proof of Theorem l3.91 All we need for a start are the minimum automata 
of San for each a G A (or any other finite trim automaton with a single initial vertex 
recognizing S an ; this can be effectively constructed by (SI)). Following the argument in the 
proof of Lemma 14.11 we may identify all the terminal vertices to get finite trim uniterminal 
^-automata C aiT satisfying 

Sa-n Q L(C a7T ) C amr' 1 . 
Note that, since S~ x = S, we get finite trim uniterminal ^4-automata C a -i n satisfying 

by exchanging the initial and the terminal vertices in C a7T and replacing each edge p—^-q by 
an edge q — >p. 

Now, given hi G G, we may represent it by some reduced word a\ ■ ■ ■ a n (oj G A), and 
may compute 

Ai = (('■' (C ai TT * C a27r ) * C a37r ) *•••)* C an7T . 
13 



By Lemma 14.21 Ai is a finite trim uniterminal A-automaton satisfying 

S hi cI(A) c/iiTr" 1 . 

What is the maximum size of »Aj relatively to What is the time complexity of 

the algorithm for its construction? Note that we start with only finitely many "atomic" 
automata C a7r (a £ A). Hence the number of vertices (edges) in Ai is a bounded multiple 
of \hi\, therefore is 0(\hi\), and the time complexity of the construction (disjoint union 
followed by identification of two vertices, \hi \ — 1 times) is also clearly 0(\hi\). This is why 
we gave ourselves (and the reader) the trouble of constructing the Ai this way instead of 
just taking the minimum automaton of , whatever that may be! 

But what is the time complexity of the full algorithm leading to the Stallings automaton 
T(G, H, it) n S? It is also useful to discuss the complexity of the important intermediate B3 
in the proof of Theorem 13.91 since B3 suffices for such applications as the generalized word 
problem: indeed, since B3 satisfies ([!]), we may replace F(G,H,ir) n S by B3 in Corollary 
EM 

Let n = I + • • • + \ h m \. It follows easily from our previous discussion of the time com- 
plexity of the construction of the A4 that Bo (and therefore B\ and B2) can be constructed 
in time 0(n). Since we get to B3 through complete folding, the complexity of constructing 
B3 is that of the classical Stallings construction in the free group. Touikan proved in |18j 
that such complexity is 0(n log* n), where log* n denotes the least integer k such that the 
kth iterate of the log function of n is at most 1 (for most practical purposes, 0(n log* n) is 
similar to 0(n)). Therefore B3 can be constructed in time 0(n log* n). 

We shall now discuss the complexity of the construction of the Stallings automata: 
Theorem 4.3 Let S C be a Stallings section for the m-epi tt : A* — > G and let H = 
(hi, . . . , h m ) ^ fg_ G. Then T(G, H, n) n S can be constructed in time (9(n 3 log* n), where 
n= \hi\-\ h \h m \. 

Proof. We go back to the proof of Theorem 13.91 starting at B3. 

The number of vertices of B3 is 0(n) and therefore we have 0(n 2 ) candidate pairs to J. 
For each one of these pairs, we must decide whether or not they belong to J. This involves 
bounding the complexity of the algorithm described in the proof of Lemma 13.81 

Let p, q be distinct vertices of B3 and let qo denote its basepoint. Take geodesies qo — >p 
and qo-^-q. Clearly, g = (uv~ 1 )ir can be represented by a word of length 0(n). It follows 
from the previous discussion on the complexity of the construction of Ai that we may 
construct a finite trim uniterminal ^-automaton C g satisfying 

S g C L(C g ) C gir- 1 

in time 0(n). Performing a complete folding on C g (in time 0(n log* n)), we get a finite 
inverse ^-automaton T> g satisfying 

Since S is a constant for our problem, we can compute an element s G S n L(V g ) = S g in 
time 0(n) and check if s G ^(^3) in time 0(n). Therefore, by the proof of Lemma 13.81 we 
can decide whether or not (p, q) G J in time 0(nlog* n). Since we had 0(n 2 ) candidates to 
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consider, we may compute J in time 0(n 3 log* n). It is very likely that this upper bound 
can be improved. 

Since B4 is obtained from B3 by identifying the pairs in J followed by complete folding, 
and B3 has 0(n) vertices, then B4 can be constructed in time 0(n 3 log* n) in view of 
Touikan's bound. 

For the last step, we must discuss the time complexity of the algorithm in the proof of 
Proposition 12.21 Note that B4 has 0(n) vertices and therefore (since the alphabet is fixed) 
0{n) edges. Since S is a constant for our problem, we can build the direct product of S4 
by some deterministic automaton recognizing S in time 0{n) and compute its trim part 
in time 0(n) (we have 0(n) vertices and 0(n) edges), and the final projection can also be 
performed in linear time. Therefore T(G, H, it) n S can be constructed in time 0(n 3 log* n), 
which means very close to cubic complexity. □ 

We should stress that the above discussion of time complexity was performed for a fixed 
Stallings section of a fixed group. But the computation of a Stallings section for a (virtually 
free) group can be in itself a costly procedure, particularly if it is supported by Bass-Serre 
theory as in the present case. This will become more evident throughout the next two 
sections. 

5 Amalgamation over finite groups 

Given groups H, G\ and G2, and isomorphisms <pj : H — > Hj < Gj (j = 1,2), the free 
product with amalgamation (amalgam for short) of G\ and G2, relative to ip\ and <f2, is 
defined as the quotient of the free product G\ * G2 by the normal subgroup generated by 
the elements of the form (h(fi)(h~ 1 ip2) (h G H). It is usually denoted by G\ G2, whenever 
a specific reference to the homomorphisms <pj can be omitted. 

The groups Gj embed canonically into G\ *h G2, and we shall actually view them as 
subgroups of their amalgam. In particular, we view Hi = H2 as a subgroup of G = G\ *hG2- 

A factorization g = w\ ■ ■ ■ w n is said to be a reduced form for g G G\ *h G2 if: 

(i) wi G Gi UG 2 ; 

(ii) wi i Hi U H 2 if n > 1; 

(iii) Wi G Gj \ Hj w i+ i G G j+1 \ H j+1 

hold for all i G {1, . . . , n — 1} and j G {1, 2} modulo 2. 

Every element of G*i *h G2 can be represented by a reduced form, but the representation 
is not in general unique. However, this representation can be strictly controlled (see e.g |1 1|. 
Chapter IV]): 

Proposition 5.1 Let u = U\- ■ ■ u m and v = v\ ■ ■ ■ v n be reduced forms of G\ *h G*2. Then 
u = v holds in G\ *h G2 if and only if one of the following conditions holds: 

(i) m = n = 1 and u\ = v\ G G± U G2; 

(ii) m = n = 1 and u\ = hipj, v\ = /i^j+i for some h G H and j G {1, 2} modulo 2; 
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(Hi) m = n > 1 and there exist z\, . . . , z n —\ G H and j G {1, 2} modulo 2 such that 

u\ = v\{z\Lpj) in Gj, 

m = (z^ 1 ip j+ i)v 2 (z2(pj+i) in Gj+u 

u n -i = (z~_ 2 (pj +n -2)v n -i(z n -l(pj +n -2) in G j+n -2, 
U n = ( z n-lfj+n-l) v n in Grj+n-l- 

The main theorem of this section is 

Theorem 5.2 Let G\ and G 2 be groups with Stallings sections and let H be a finite group. 
Then G\ *h G2 has also a Stallings section. 

- — - * 

Proof. Let S (respectively T) be a Stallings section for the m-epi n\ : A% — > G\ (respec- 
tively 7T2 : A2 — > G 2 ). We assume that A\ n A2 =1 and write A = A\ U A 2 . Let H 
be a finite group and consider isomorphisms (fj : H — > Hj < Gj (j = 1,2). We denote by 
G = G\ *h G2 the amalgam of Gi and G2 relative to ip\ and if2- Let tt : A* — > G be the 
m-epi induced by tti and 1:2- 

Let B = {bh I h G H} be a new alphabet and let ip : B* — > H be the homomorphism 
defined by bhip = h (h G H). Let £ : 5* — >■ Rat A* be the rational substitution defined by 

bhC = Sh V i U T Va C h^n' 1 = h^ir' 1 . 

We define 

L = lip- 1 ^ 

In the next lemma, we collect some important properties of L: 
Lemma 5.3 (i) L is an effectively constructible rational language; 

(ii) 1 G L and Lit = 1; 

(Hi) L 2 = L = L- 1 ; 

(iv) {b h £)L(b h -i£) C L for every h G H. 

Proof, (i) Since H is finite, 1^ _1 and L are rational and effectively constructible by Propo- 
sition 12.11 

(ii) Indeed, if (bf ll ■ ■ ■ bh n )ip = 1, then h± ■ ■ ■ h n = 1 and so 

( b h! ■ ■ ■ b hn )in C ((/ii^ivr^ 1 ) • • • (h n (piir~ 1 ))7r = (hi--- h n )ip 1 = 1. 

(iii) The equality L 2 = L follows from (lip -1 ) 2 = lift . Now let u G L. We may write 
u G (6/n • • • &h n )£ with (6/j x • • • bh n )ip = 1. It follows that ■ ■ ■ b,-i)ip = 1. Since S 1-1 = S 1 

and T -1 = T, we get 

b h -iH = s h -^ u r h _i w = s£ u r-i = (b^)- 1 

for every h £ H and so 

n- 1 g ((6 ftl o • • • (ft^o) -1 = ^jy 1 ■ ■ ■ (b^o- 1 
= (K^o ■ ■ • (v« = ^ • • • e lv^e = 

16 



Thus L^ 1 C L and so also L = (L -1 ) -1 C L . Therefore L = L —1 . 

(iv) Assume that • • • 6^)^ = 1 and u G • • • bh n )£- Then h\ - ■ -h n = 1 and so 
/i/ii • • • h n h~ l = 1. It follows that 

(b h Ou(b h -iO C (& h 6 hl • • • b^fth-O^ C L. 

□ 

Let 

S' = S \ (J SV^ , T' = T\ T^ 2 . 
/ie.ff fee// 

Since -ff is finite and S,T are both Stallings sections, then S',T' are both effectively con- 
structible rational languages. We define 



V = LSL U LTL U (1 U LS')(LT'LS')*(L U LT'L). (11) 

Since L, S,T, S' ,T' are all effectively constructible rational languages, so is V, in view of 
Proposition 12.11 and Theorem 12.41 Since S and T are sections for n\ and 7T2, and 1 € L, it 
follows from the representation of amalgams in reduced form that V is a section for tt. In 
particular, note that (5') _1 = S', (T')^ 1 = T' and so V" 1 = V. It remains to be proved 
that V satisfies axioms (SI) and (S2). 

Now let g = gi ■ ■ ■ g n be a reduced form of G. We claim that 



V 9 = LW£ ) ---LW$L, (12) 

where W"W = £ if # € Gi and W"W = T if # G G 2 . In particular, V g = L~Sg~L = LTg~L if 
g G Gi n G 2 = Hi = H 2 . 

We prove two cases, the others are similar: 

Case n = 1 and g\ G G\\ 



We must prove that V g = LS gi L. Indeed, it is immediate that LS gi L C V and LS gi Lir = 
(LS gi L)7r = S gi 7T = gi = g, hence LS gi L C V g . Conversely, if u G V g , it is clear from 
Proposition 15.11 and Lit = 1 that we must have u G LSL U LTL. If u G LS X L for some 
x G Gi, then g\ = g = uir = x and sou £ LS gi L. Hence we assume that u G LT y L for 
some y G G 2 . It follows that g\ = g = uir = y and so g G G\ fl G2 = i?i = iJ 2 . We can 
then write gi = hipi and y = /i</?2 for some h £ H. By Lemma 15.31 we get 



u G LTh^ 2 L C LTh^Sh-i^SfupiL C L 2 Sf lipi L — LS gi L 

and so (|12p holds in this case. 
Case n = 2k and gi E G±\Hx: 
We must prove that 

Vg = LS gi LT g , 2 ■ ■ ■ LS g2k _ Y LT g2k L. 



Indeed, it is immediate that LS gi LT g2 ■ ■ ■ LS g2k _ 1 LT g2k L C V" and 



LS gi LT g2 ■ ■ ■ LS g2k _ x LT g2k L7: — (LS gi LT g2 ■ ■ ■ LSg^^LTg^Ljir 

= (S gi Tg 2 ■ ■ ■ Sg^Tg^TT = ^ • • • Cfefc = 9, 
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hence LS gi LT g2 ■ ■ ■ LS g2kl LT g2k L C V g . Conversely, if u G V g , it is clear from Proposition 



15.11 and Lit = 1 that we must have u E LS g ^LT g ^ ■ ■ ■ LS g i^ ^LT g ^L where 

92 = (K 1 <P2)92(h2<P2), 
92k-\ = ( h 2k-2<Pl)92k-l(h2k-l<Pl), 

9 2 k = iKk-\^)9ik 

for some hi, ... , h,2k-\ € H. Since S and T satisfy (S2) and by Lemma [5T3T iv) . we get 



u G LS n t LT n i ■ ■ ■ LS n > LT n i L 

9i 92 9 2 k-i 92k 



C LS gi S hltpi LT h -i ip2 T g2 ■ ■ ■ Th^zpzLSfr-i^^Sg^^Shz^tpxLTfr-i^^Tg^L 
C LS gi LT g2 ■ ■ ■ LS g2k _^LT g2k L 



and so V g = LS gi LT g2 ■ ■ ■ LS g2kl LT g2k L as claimed. 



The other cases are absolutely similar, therefore (|12|) holds. Since S and T satisfy (SI), 
and by Proposition 12.11 Theorem 12.41 and Lemma l5.3f i). V g is an effectively constructible 
rational language for every g G G. Therefore (SI) holds for V. 

As a consequence of (|12p . we have 



whenever g = g\ ■ • ■ g n is a reduced factorization. In particular, V gg < = V g V g i holds if 
9 = 9i • • • 9n and g' = g[ ■ ■ ■ g' m are reduced factorizations with g n E G±\Hi and g[ G G2\H2, 
or vice-versa. We shall refer to this case as the favourable case. 

Given g G G, let \\g\ \ denote the number n of components in a reduced form g\ ■ ■■ g n of 
g. Let g,g' G G. We prove that 

Vgg.QVgVj (13) 

by induction on k = \ \g\ | + | \g'\ \. 

If = \\g'\\ = 1, we may assume that g,g' G G\ or g,g' G G2, otherwise we have the 
favourable case and we are done. Without loss of generality, we may assume that g,g' G G\. 
Then Cd and (S2) for S yield 



V gg > = LSgg'L C LSgSg'L C LSgL^Sg'L = VgVg' ■ 

Therefore CE]) holds for k = 2. 

Assume now that ||<jf|| + \ \g'\\ > 2 and (|13p holds for smaller values of ||g| + \\g'\\. Let 
9 = 9i ' ' ' 9n and g' = g[ • • • g' m be reduced decompositions of 5 and 5'. 

We do not have to consider the favourable case, hence we may assume that g n ,9i E Gi or 
g n , g[ G G*2. By symmetry, we may assume that g n , g[ G G\ and n > 1. Write x = g% - • • g n -i 
and y = g n g^ • • • g^. Then ||a;|| + ||g/|| < \\g\\ + \\g'\\ and so the induction hypothesis yields 



Vgg' = V xy C V^V^. 



Suppose first that m = 1. Then (S2) for S yields 



v v = LS 9n9 [ L ^ LS gn S g[ L C LS 9n L^S g[ L = LS 9ri LV g > 

18 



and so in view of (|12p we get 



v gg , c c y x LS 9n L^ = v 9 v 



Now suppose that m > 1. Then C V gng 'V g > ... g ^ by the induction hypothesis and so 



*W c ^ c v x v gng ,v g ,... g , m C V.l^V^ = ^ 

by the favourable case. Thus (fT3l) holds and so (S2) holds for V. Therefore V is a Stallings 
section for tt and the theorem is proved. □ 



6 HNN extensions over finite groups 

Given a subgroup H of a group if and a monomorphism : H — >• if, the HNN extension 
HNN(K, H, <p) is the group defined by the relative presentation 

(JM | tht~ x = hip (he H)), 

that is, is the quotient of the free product K * F^ t y by the normal subgroup generated by 
the elements of the form tht'^ 1 (h^ 1 ip) (h € H). For details, the reader is referred to |114 
Chapter IV]. 

We use the standard notation iii = H and H-\ = Hip. A given factorization of g, 
g = wot £l wi ■ ■ ■ t £n w n , is said to be a reduced form for g £ HNN(K, H, tp) if: 

(i) Wi G K; 

(ii) Ei e {-1, 1}; 

(iii) e i+ i = -Ei ^Wi£ H £i 

hold for every possible i. In particular, 1 is a reduced form. 

Every element of HNN(K, H, ip) can be represented by a reduced form, but the represen- 
tation is not in general unique. However, this representation becomes clear as a consequence 
of the classical Britton's Lemma, which we choose to present in the following form: 

Proposition 6.1 Let g = uot ei u\ ■ ■ ■ t Sn u n be a reduced form of HNN(K, H,ip). The 
alternative reduced forms for g in HNN(K,H,ip) are obtained by replacing each occurrence 
oft by some element of U/ lg //(/i(/3)t/i _1 . 

In particular, 1 is the unique reduced form for the identity and so both K and F{ t \ 
embed canonically into HNN(K,H,tp). 

Theorem 6.2 Let K be a group with a Stallings section and let ip : H — > K be a monomor- 
phism for some finite subgroup H of K . Then HNN(K,H,<p) has also a Stallings section. 

Proof. Let S be a Stallings section for the m-epi r] : A* ->■ K . Write G = HNN(K, H, ip), 
B = A U {6} and let tt : B* — > G be the m-epi defined by an = an (a € A) and bir = t. 

Let C = {ch | h G H} be a new alphabet and let if) : C* — >■ H be the homomorphism 
defined by Chip = h (h G H). Let £ : C* — > Rat B* be the rational substitution defined by 
Chi = £>h U b~~ 1 Sh^b. We define 

L = lV"^ = {(c hl ■■■c hn )£ \h 1 ---h n = 1}. 

The next lemma summarizes some important properties of L: 
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Lemma 6.3 (i) L is an effectively constructible rational language; 
(ii) 1 G L and Ltt = 1; 
(Hi) L 2 = L = L- 1 ; 

(iv) (c h £)L(c h -i£) C L for every h G fl"; 

^ L C ((Hr]- 1 )b- 1 {H(prj- 1 )b)*(Hri- 1 ). 
Proof. Since 

c h £,ir = (S h U b~ Shipfyir = S h iT = S h r] = h 

for every h G H, the proof of Lemma 15,31 can be used with straightforward adaptations to 
prove (i)-(iv). 

On the other hand, since 1 G Hr]~ l we have 

L = l^r 1 ^ C C*£ C ((.ff?7 _1 ) ur^iT^-^fe)* C {(H<q- l )b- 1 {Hipr}- 1 )b)*(H'q- 1 ) 

and so (v) holds as well. □ 

Now let 

JV = \ B*{bS H b- 1 U b~ x S Hv b)B* 

denote the set of all words in (Sb)*S representing reduced forms of G. Let a : B* — > Rat 5* 
be the rational substitution defined by aa = a (a G A) and 6a = 6L, b a = L b = Lb~ l . 
We claim that 

F = Fa" 

is a Stallings section for tt. 

By Theorem 13.111 and Lemma 16.31 the languages S, Sh, Sh^ and L are all rational and 
effectively constructible. By Proposition 12. II and Theorem 12.41 so are N, Na and V. Since 
Ntt = G and 1 G L, it follows that Vtt = G. Note that S^ 1 = S yields N' 1 = N, and 
together with L~ 1 = L, this yields V^ 1 = V. Thus V is a section for ir. 

Let 5 = uot 6l ui ■ ■ ■ t 6n u n be a reduced form of G. We claim that 

V g = (S uo b^S ul ---b^S Un )a. (14) 
Since Ltt = 1, we have a7r = 7r and so 

(5 U0 6 £ i5 Ul •••6 e « < S Un )a7r = {S Uo b £l S Ul ■ ■ ■ b £n S Un )n = u t £1 Ul ■ ■ ■ t £n u n = g, 

hence 

(S Uo b £ iS Ul ---b^S Un )a C V fl 57T- 1 = F g . 

Conversely, let to G V g . Then there exists a reduced form vot Sl v\ ■ ■ ■t Sm v m of G such 
that w G (S Vo b 5l S Vl ■ ■ ■ b Sm S Vm) a. Then 

<7 = WTT = Vot Sl V\ ■ ■ ■ t V m 
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and it follows from Proposition 16. II that m = n, 5i = Si for % = 1, . . . , n, and vot £l vi ■ ■ ■ t £n v n 
can be obtained from uot £l u\ ■ ■ ■ t £n u n by replacing each occurrence of t by some element 
of Ui l& u{h(p)th~ l . Assume that t £% is replaced by {{hiip)th~ 1 ) £t . For i = 1, ... ,n, write 

hi if £j = — 1 J hi if £j = 1 

hi<p if £i = 1 J \ /ijc/? if £j = -1 

and also yo = x n+ \ = 1. Then 

Vi = y^UiXi+i 

for i = 0, . . . , n. 

Moreover, we claim that 



(S^'S 9 -i)«C^.a. (15) 

Assume that e, = 1. Then 



{S Xi ¥*S -i)a = S Xi bLS -i = S hitp bLS hr x = bb- l S hiV bLS h -i C 6(c hi e)L(c fcr iO C bL = b?*a 



by Lemma 16.31 iv). 

Similarly, (|15p holds for £j = —1. Hence 



w € (5' t , b £l 5 t , 1 ■ ■ ■ b £n S Vn ))a 



= {S Un x^S -i •••S-i -i )q 

V «0^1 y 1 U1X2 2/ n _l«n-l2n y n U n > 

Q (S U0 S Xl b £l S y: -iS Ul S X2 ■ ■ ■ Sy-^Su^S^b^Sy-iSuJa 
t(S Uo b £ iS Ul ---b £ -S Un )a 

and so (JT3J) holds. 

Since K has a Stallings section, has decidable generalized word problem and so we can 
effectively compute a reduced form for any given element of G. Therefore (SI) follows from 

(d- 

If g € G has a reduced form g = wot £l wi ■ ■ ■ t £n w n , we write \\g\\ = n. We show that 
Vgg' VgVgi for all g,g' £ G by induction on \ \g\ \ + 

Let ^ = wot £1 wi ■ ■ ■ t £n w n and g' = w' t £ iw' 1 ■ • ■ t £m w' m be reduced forms. If 

gg = wot 61 ™! ■ ■ ■ f^nWofiwJ • • • t £ ' m w' m (16) 

is a reduced form, then 



Vgg' = (S wo b £1 S Wl ■ ■ ■ b £ "S WnW ' Q b £ 'iS Wi ■ ■ ■ b^S^Ja 
C (S Wo b £ iS Wl ■ ■ ■ b £ -S Wn S w ,b £ iS w[ ■ ■ ■ b £ '™S w ,Ja 
C (S Wo b £ iS Wl ■ ■ ■ b £ "S Wn )a{S w ,b £ 'iS wli ■ ■ ■ b £ 'mS w ,Ja = V^, 



hence we may assume that (fT6|) is not a reduced form and V gig2 C V gi V 92 whenever ||gi|| + 
\\92W < \\g\ \ + \ \g'\\- I n particular, n,m> and either 

£n = = 1, w n w' € i7 (17) 
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or 

£n = -4 = -1, w n w'o € Hif. 
The second case being analogous, we assume that (JTTJ) holds. Let h = w n w' . Then 

ggf = {w t £l Wl ■ ■ ■ t en - 1 w n ^i){{h^)w' 1 t^w' 2 ■ ■ ■ t e '™w' m ). 

Since g\ = wot £l wi • • • t £n ~ 1 w n -i and g 2 = (hip)w' 1 t £ 2w' 2 • • • t £m w' m are both reduced forms, 
the induction hypothesis yields 

V gg > = V gig2 Q V gi Vg 2 = (S wo b £ ^ S Wl ■ ■ ■ 6 s "- 1 5 Wn _ 1 )a(5 \ hip)w < b £ 'i S w > 2 ■ ■ ■ b £ '™S w < m )a 
Q {S wo b £ iS Wl ■ ■ ■ S Wn _ 1 S hlp S w >¥'zS w > 2 ■ ■ ■ b £ '™S w > m )a. 

Now 

S h(p a = S h(f C bib^Sh^bSh-^Shb- 1 C bLS h Lb- x = (bS h b- l )a C (bS^S^b^a 
yields 

V gg > Q {S wo b £ iS Wl ■ ■ • 6 s "- 1 Sy^ShpS^b^S^ ■ ■ ■ b £ 'mS w i m )a 

C (S wo b £ iS Wl ■ ■ ■ Ifn-iS^lfnS^S^S^FiS^ ■ ■ ■ b £ ' m S w ,Ja = VgV^ 

and so (S2) holds. Therefore V is a Stallings section for it. □ 

7 Virtually free groups 

Recall that a pushdown A-automaton is a sextuple of the form A = (Q, qo, T, D, do, 5), where 
Q and D are finite sets, qo&Q,TCQ,doGD and 5 is a finite subset of 

Q x (4U 1) x D x Q x D*. 

A configuration of A is an element of Q x D* . The pair (qo, do) is the initial configuration. 
If (g, a, u) £ 5, we write 

[q,vd)\ — (p,vu) 

a 

for every v € D*. We call this relation an elementary transition. If we have a sequence 

(go, w^o) I — (gi,wi)| | — (g n ,w n ) 

for some n > 0, we write ^ 

(go, w ) | (g n, W n J 

and we refer to it as a transition. The language accepted by *4 (by final states) is defined 
by 

L(A) = {w £ A* \ (qo,do)\ — (t, u) for some t G T and ii G D*}. 

A language L C A* is context-free if L = L(«4) for some pushdown A-automaton .4. For 
details on pushdown automata, the reader is referred to [U Chapter 6]. 

Recall that a group is virtually free if it has a free subgroup of finite index. Some recent 
papers involving virtually free groups include [5| l9l [TO]. 

We can now prove the main theorem of the paper: 

Theorem 7.1 A finitely generated group has a Stallings section if and only if it is virtually 
free. 
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Proof. It is known that finitely generated virtually free groups are, up to isomorphism, 
the fundamental groups of graphs of groups where the graph, the vertex groups and the 
edge groups are all finite [151 Theorem 7.3]. Moreover, they can be obtained from finite 
groups by finitely many successive applications of free products with amalgamation over 
finite groups and HNN extensions over finite groups [U Chapter 1, Example 3.5 (vi)]. Since 
finite groups have Stallings sections by Proposition 13.2^ it follows from Theorems 15.21 and 
16.21 that every finitely generated virtually free group has a Stallings section. 

Conversely, assume that S is a Stallings section for the m-epi tt : A* — > G. We show 
that the word problem submonoid lir^ 1 is context-free. By Muller and Schupp's Theorem 
[14], this implies that G is virtually free. 

By the remark following the definition of Stallings section in Section 3, we can assume 
that 1 £ Sj. 

For every a G A, let A a = (Q a ,qQ,T a ,E a ) be a finite automaton recognizing S an . 
We define a pushdown ^4-automaton A = (Q,qo,t,D,do,6) by Q = (^ a£ ^Q a ) U {qo,t}, 
D = AU {d } and 

<5 = {(qo, hdo,t, 1)} U {(g , a, d ,q^, d ) \ a G A}^ 
U {(p a , 1, d , gVo&) | ( P a , b, q a ) G E a , a,b£A} 
U {(p a , 1, c, q a , cb) | b, q a ) G E a ^ a, 6, c G A} 
U {(t a , b, d, ql, d) | t a G T a , a, b G A, d G D} 
U {(t a ,l,d ,t,l) \t a G T a , a G A}. 

We shall prove that Itt~ 1 = L(A). First of all we note that (p a , b, q a ) G E a implies 

(p a ,d v)^-(q a ,dort) 
l 

for all b G A and v G Ra, hence 

* 

If p a -^q a is a path in A a , then (p a ,dov)\ — (q a ,dovu) (18) 

l 

holds for all a G A and u G 

Assume now that a\ ■ ■ ■ a n G lvr -1 , with a\, . . . ,a n G A. We may assume that n > 0. 
Then 1 G Si = S( ai ... an ) 7r C S ai7r • • • S an7r and so there exist ui G S ai7T = L(A ai ) such that 
u\- ■ ■ u n = 1. It follows from (|18p that 

* 

(q^ , d «i • • -Ui-i) | — (i a * , dou x ■■■u i ) 
l 

for some t ai G T ai . Hence 

(q ,d ) \— (q%\do)\^(t a i,doU 1 )^(q*\d u 1 )\^(t a \doum)\ 

ai 1 a% 1 as 

* 

I — (Qo"' 1 > 4^1 • • • w n _ 2 ) | — (t""- 1 , do^i • ■ -n n _i) | — (^o™ , doiti •••«„_!) 

a n _i 1 a„ 

h— {t a ",d u 1 ---u n ) = (t a ",d )^-{t,l) 
l l 

and so a\ ■ ■ ■ a n G L(-4). Thus 1-7T -1 C L(^4). 
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Conversely, let a\ ■ ■ ■ a n € L(A), with a±, . . . , a n € A. We may assume that n > 0. It 
follows easily that there exists a sequence of transitions of the form 

* * 
(go, do) = (p ,d w )\ — (g^, d w ) | — (Pi>doWi)\ | — (g^, do«? n -i)| — (p n ,d w n ) 

ai 1 (12 a n 1 

= (Pn,d )\ (t,l) 

1 

for some Wq, . . . , w n € i?^. Now, for % = 1, . . . , n, we must have p, G T a ' and = WiZ\ul 
for some u« € L(^l ai ) = S ai7r . Hence 

1 = Wn = W Ui ■■■U n = Ml • • • U n & S ai7T ■ ■ ■ S an7T 

and so 1 € {S ai7T ■ ■ ■ S an7r )i: = (a± ■ ■ ■ a n )-7T ■. Thus L(A) C l7r _1 and so l7r _1 = L(^4). 
Therefore l-zr" 1 is context-free and so G is virtually free. □ 



8 Sections with good properties 

Having established that finitely generated virtually free groups are precisely the groups 
with a Stallings section, we have now the possibility of imposing stronger conditions on 
their Stallings sections, with the purpose of allowing further applications of the Stallings 
automata T(G, H, it) PI 5. 

The technique is simple. Suppose that: 

• every finite group has a Stallings section with property P; 

• if G\ and G2 have Stallings sections with property P and H is a finite group, then 
G\ *h G2 has also a Stallings section with property P; 

• if K has a Stallings section with property P and H is a finite subgroup of K, then 
HNN(K, H, if) has also a Stallings section with property P. 

Then, in view of [H Chapter 1, Example 3.5 (vi)], every finitely generated virtually free 
group has a Stallings section with property P. 

A good example is given by the concept of extendable Stallings section, which will turn 
out to be useful to characterize finite index subgroups. 

Let S be a Stallings section for the m-epi ir : A* — > G. We say that S is extendable if, 
for every u € S, there exists some v £ Ra such that uv* C S and 

u € Pref(5( M1) n n -i) 7r ) for almost all n 6 IN. (19) 

In order to prove the next result, we consider the following condition on a Stallings 
section S for it : A* — > G: 

(N) If G is not torsion- free, then S\ ^ 1. 

Proposition 8.1 Every finitely generated virtually free group has an extendable Stallings 
section. 
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Proof. In fact, we show that such a group always has an extendable Stallings section 
satisfying condition (N). 

Following the script previously described, we start by considering a m-epi tt : A* — > G 
with G finite. Let S = Ra and take v = 1 for every u G S. Hence uv* C S. Since S g = gir^ 1 
for every g G G, we claim that Pref(S 9 ) = Ra- 

Let w G i?A and take a £ A such that tra G -Ra- Since G is finite, there exists some 
m G IN such that every element of G can be represented by some word of length < m. In 
particular, there exists some z G Ra such that ((a~ m w~ 1 )ir)g = zir and \z\ < m. Hence 
(wa m z)ir = g and so wa m z G gir^ 1 = S g . Since wa m G Ra and \z\ < m, we get w G Pref(i? ff ) 
and so Pref(5 s ) = Ra- 

Therefore (|19p holds and so -Ra is an extendable Stallings section for tt : A* — > G when 
G is finite. Moreover, if G is nontrivial, then Si = l7r _1 contains nonempty words and so 
condition (N) holds for S. 

Next, assume that S (respectively T) is an extendable Stallings section for the m-epi 

- — - * - — - # 

7Ti : A\ —¥ G± (respectively 1x2 : A2 — > G2), satisfying condition (N). We assume that 

— * - — - # 

A\ n A2 =1 and write A = A\ U A2. Let H be a finite group and consider isomorphisms 
<Pj : H —¥ Hj < Gj (j = 1, 2). Let G = G\ *h G2 be the amalgam of G\ and G2 relative to 
(pi and if2, and let ir : A* — > G be the m-epi induced by iri and iT2- We may assume that 
Hi < Gi and H2 < G2, otherwise G = G2 or G = G\. We claim that the Stallings section 
V (for tt) defined in the proof of Theorem 15.21 is also extendable. We use all the notation 
introduced in that proof. 

Let u £ V . Without loss of generality, we may assume that either u = 1 or the last 
letter of u is in A\. Let uir = gi ■ ■ ■ g m be a reduced form of utt. 

Suppose first that g m G Gi \ H\. Take w G T' and z G 5", and write v = wz. Then 
uv* C V. We claim that 

u G PrefCy^-i^) if n > — + 1. (20) 

Indeed, a simple induction on t shows that if x = xi ■ ■ ■ x^+t+i and y = yi---yg are 
reduced forms in G, then xy has a reduced form x\ ■ ■ ■ x\~zi ■ ■ ■ z r : 

We may assume that yi G G\. If yi G iTi, then £ = 1 and xy = x%-- ■ Xk+i{xk+2Ui) 
is a reduced form and we are done. Hence we may assume that yi,Xk+£+i G G\ \ Hi and 
Xk+i+iVi = hipi for some h G H. Then (%>2 2/2)2/3 • * * VI is a reduced form. If £ = 1, then 
xy = xi- - ■ Xk(xk+i(hif2)) is a reduced form and we are done. If -£ > 1, we reduce the 
problem to the case I — 1 by considering the product xy = (xi ■ ■ ■ Xk+e)((htp2 2/2)2/3 ■ ■ ■ Vi)- 
Thus xy has a reduced form claimed. 

In particular, taking x = (tiv n )7rand y = u _1 7r, it follows that (uv n u~ 1 )ir has a reduced 
form gi ■ ■ ■ g m w ■ ■ ■ if n > y + 1. Since g m £ Gi\ Hi and tiw is reduced, it follows easily 
from (fT2|) that V/ TO n u -% must contain some word uw ■ ■ ■ Thus (f2"0|) holds. 

Suppose next that g m G G2 \ H%. We can of course assume that u ^ 1. Since the last 
letter of n is in A\, it follows from (|12p that H ^ 1. Since S and T satisfy condition (N), 
it follows that there exist z\ G Si \ {1} and u>i G T\ \ {1}. Take w € T' and z & S', and 
write f = wizwzi. Since G L, we have uw* C 1/. Similarly to the preceding case, 

(gOD holds. 
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Finally, we are left with the case m = 1 and g\ G H\ (equal to H2 in G). Let v = 1. 
Then -ut>* C V trivially and (uv n u~ 1 )ir = 1, hence it suffices to show that u G Pref(Vi). 
By (fT2|) and Lemma I5T31 we have Vi = LS\L = L and u G LS^^L for some h £ H. Let 
it) G T h -i V2 . Then -u € Pref(-uu>) and mo = mU G LSh<p\LT h --L tf>2 C L = Vi by Lemma HT3l 
Therefore V is extendable. 

Suppose now that Vi = {1}. Since Vi = L, it follows that is trivial and S\ = T\ = {!}. 
Since S and T satisfy condition (N), it follows that G\ and G2 are torsion- free and so G is a 
free product of torsion-free groups, hence torsion- free. Therefore V satisfies condition (N). 

Finally, assume that S is an extendable Stallings section for the m-epi rj : A* K 
satisfying condition (N). Let <p : H — > K be a monomorphism for some finite subgroup H 
of K. Write G = HNN(K, H,<p), B = Al) {b} and let vr : B* -> G be the m-epi defined by 
an = ar] (a G A) and ft-zr = t. 

We claim that the Stallings section V (for 7r) defined in the proof of Theorem I6.2I is also 
extendable. We use all the notation introduced in that proof. 

We start by proving the following lemma: 

Lemma 8.2 Let kot £l ki ■ ■ ■ t £m k m be a reduced form of G with m > 1 and let 

P = {z wib 61 z 1 w 2 b 62 z 2 ■ ■ ■ w m b £m z m \ z G (k H -eJ^T 1 , 

Zi G (H^kiH^e^r]- 1 for i = 1, . . . , n - 1, z m G (H em AVn)^ -1 , 
Wj G (6Pi(fl e .» 7 - 1 )6- fi i(ir_ e .»7- 1 ))*}. 

T/ien P is closed under (partial) free group reduction. 

Proof. Let u = z§w\b ex zxw^ff 2 z 2 ■ ■ ■w m b em z m be an element of P of the described form. 
Suppose first that aa _1 is a factor of u for some a G A. Then aa _1 is either a factor of 
some Zi or a factor of some wj, and it follows from the definitions that we may cancel aa^ 1 
and remain inside P. 

Thus we are left to discuss the case of cancellations involving the letter b. Sup- 
pose first that we have a factor b £j b~ £j to cancel in Wj. Write Wj = xi---x r , with 
xi = b e ix' i b~ £ ix'l {x'i G H £j r]~ l ,x'l G H^ £j r]~ l ), and assume that x' t = 1. Cancelling 
our factor yields x\ ■ ■ ■ xe~ix"x£ + i ■ ■ ■ x r . If t > 1, we can incorporate x'[ into x^_i in view 
of (if_ £j .?7 _1 ) 2 C H- £j n~ l . If I = 1, we can incorporate x^' into by the same reason. 
The case of cancellations b~ £j b £j inside Wj is discussed similarly. 

Suppose now that b~ £j is the last letter of Wj and cancels with its right neighbour b £j . 
Then we replace Wjb £ J = x\ ■ ■ ■ x r b £j by x\ • • • x T -\b £ ^x' r . Since x' r can be absorbed by Zj, 
the claim holds also in this case. 

Finally, we note that we can never have Zj = 1 when Ej = — £j+i'. otherwise, we would 

get 

l = Zj€ , f/ ; 

and so kj G H £j , impossible since Ej = —Sj+i and kQt £l k\ ■ ■ ■ t £m k m is a reduced form. □ 

Back to the proof of Proposition 18. 1| let u G V. Assume that uir = kot £1 ki ■ ■ - t £m k m 
is a reduced form of uir. If m = 0, then u G V un = S ur) and it follows that uv* C V for 
v = b. What if m > 0? Then it is clear that kot £l k\ ■ ■ ■ t £m k m t £mn is a reduced form for 
every n > 0. We claim that ub £mn C V. 
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Indeed, let P be denned as in Lemma 18.21 It follows from (|14p that 



u € (S ko b^S kl ■■■t^SkJa 

and it is immediate that S kQ b £1 S kl • • • t £m S km Q P- Since 

b~ l a = Lb' 1 C (Hr]- 1 )(b- l (Hcpr]- l )b(Hr ) - 1 ))*b- 1 

by Lemma l6.3( v). and the factors Zj—\ may absorbe factors from Hrj^ 1 on the right when 
£j = —1, it follows that we may replace b~ l by b~ l a in S ko b £1 S kl • • ■t 6m Sk m and remain 
inside P. 
Similarly, 

ba = bLC bUHrj-^b-^Hipri-^byiHr]- 1 ) = (fc^- 1 )^ 1 ^^- 1 ))*^^- 1 ) 

and the factors Zj may absorbe factors from Hi]- 1 on the left when Ej = 1, it follows that 
(S ko b 6l S kl ■■■b £m S km )a C P. Hence (S ko b^S kl ■ ■ ■ t £ ™S km )a C P by Lemma E2 and so 
u £ P. 

As a consequence, we may write u = xb £m y with y E i?^. Since kot £l ki ■ ■ ■ t £m k m t £mn is 
a reduced form for every n 6 IN, it follows that 

(£ fc0 ^S fcl • • • b £ ™S k Jab £ ^ C (S^Sk, ■ ■ ■ b £ ^S km b £ mn) a c y 

for every n € IN and so ub £mn € V. Since u = xb £m y, taking t? = 5 £m we get iii> n = ub £mn = 
u ffmn £ y f or every n € IN as claimed. 

We continue now by showing that in any case 

u € Pre^VL^nu-iw) if n > m. (21) 

Indeed, since uv € -Rb, it suffices to show that (uu n n _1 )-7r has a reduced form 
kot £1 ki ■ ■ ■ t £m k m t £m ■ ■ ■ if n > m (hot ■ ■ ■ if m = 0), and we may use induction on m. The 
case m = being obvious, assume that m > and the claim holds for m — 1. We assume 
that v = t, the other case being analogous. If k$t £l ki ■ ■ ■ t £m k m t n k^ n 1 t~ £m k^ n 1 _ 1 ■ ■ ■ t^^k^ 1 
is not itself a reduced form, then A;" 1 € il and e m = 1, hence we may write 

(m; n u- V = M £l £:i ■ ■ ■ t £m k m t n ~ X k' m k^_ x t~ £m -^k^_ 2 ■ ■ ■ t^k^ 

for some k' m £ -ffc/?. Since n — 1 > m — 1, the induction hypothesis applied to the prod- 
uct k()t £l ki • • • f 5 ™- 1 (fc^) yields now the required result. Thus (f2~TI) holds and V is 
extendable. 

It remains to show that V satisfies condition (N). Suppose that V\ = {1}. Since V\ = S\ 
and S satisfies condition (N), it follows that K is torsion- free, and so H is trivial. Hence G 
is the free product of K by the infinite cyclic group Fu\ . Being a free product of torsion- free 
groups, G is itself torsion-free, therefore V satisfies condition (N). □ 

We can now derive the following application of the concept of extendable Stallings 
section: 

Theorem 8.3 Let S be an extendable Stallings section for the m-epi it : A* — >■ G and let 
H be a finitely generated subgroup of G. Then the following conditions are equivalent: 
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(i) H has finite index in G; 

(ii) S C Pref(S H ); 

(Hi) every word of S labels a path out of the basepoint ofT(G,H,ir) n S. 

Proof, (i) =>■ (ii). Suppose that u G S \ Pref(5//). Since S is extendable, there exist some 
v G Ra and m G IN" such that uv* C S 1 and it € Pref(iS( uu n u -iw) for n > m. We claim that 

H{uv j )-K ^ Hiuv^TT ii j >i + m. (22) 

Indeed, assume that j > i + m. If H(uv^)tt = H(uv 1 )it, then (w J-l it~ 1 )7T 6 ii and so 

u G Pref(£( w i-i. u -i)J C Pref(S#), 

a contradiction. Therefore (122 p holds and so i7 has infinite index in G. 

(ii) (iii). Since S H C L{T{G,H,k) n 5) by TheoremESl 

(iii) (i) . Assume now that every word of S 1 labels a path out of the basepoint qo of 
^4 = r(G, H, 7r) n S 1 . Let Q denote the vertex set of A. For every g £ Q, fix a path qo — %q. 
We claim that 

G=\J H(w q 7r). (23) 

Indeed, let g G G, and take u £ S g . Then there is a path in ^4 of the form qo—^q for some 
q G Q. Hence itui^ 1 G L(^) C Ht:~ 1 by Theorem 13.91 and so g = uir G H(w q ir). Thus ([23]) 
holds and so i? has finite index in G. □ 

A natural question to ask is whether or not one could replace condition (S2) in the 
definition of Stallings section by the stronger condition 

(S2') S gh = S^fora31g,h€G. 

However, we can prove that this condition can only be assumed in the simplest cases: 
Proposition 8.4 The following conditions are equivalent for a group G: 

(i) there exist a m-epi ir : A* — > G and a Stallings section S for ir satisfying (S2'J; 

(ii) G is either finite or free of finite rank; 

(iii) Ra is a Stallings section for some m-epi it : A* G. 

Proof, (i) (ii). Let S be a Stallings section S for ir : A* ->■ G satisfying (S2'). Then 
S^) 1 = Si = Sf and so we can view (Si, o) as a subgroup of (Ra, °) — Ra, where uov = uv. 
The same holds for (S, o) since 5 _1 = S = S 2 , and (Si, o) is then a subgroup of (S, o). Now 
(S, o) must be free by Nielsen's Theorem. Since S, being a Stallings section, is rational, 
so is (S, o) (a rational expression for S as a subset of A* translates through reduction to a 
rational expression for S as a subset of (Ra,°))- The same happens with Si, so it follows 
from Anisimov and Seifert's Theorem [H Theorem 3.1] that both (S, o) and (Si,o) are 
finitely generated groups. Hence (S, o) is a free group of finite rank. 
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For every u € S, we have 



uSiu 1 C S' Uff S'iS , u -i 7r = 5i, 

hence (5*i,°) is a finitely generated normal subgroup of the free group (S,o). By [TTJ 
Proposition 3.12], (<Si,°) is either trivial or has finite index in (S, o). On the other, we 
claim that 

uS\ = vSl -v4> UTT = V7T (24) 

holds for all w, u € S. The direct implication follows from Siir = 1. Conversely, assume 
that U7r = wr. Then € S^-i^S^ = Si and so m G uSi and u^i C V5i- By symmetry, 
we get u5i = V5i and so (|2"3]) holds. 

It is now straightforward to check that 

(5, °V(Si, °) -> G 

is a group isomorphism. Hence either G = (S 1 , o) is a free group of finite rank, or G = 
(S 1 , o) / (Si , o) is a finite group. 

(ii) =>■ (iii). Immediate from the proof of Proposition 13.21 

(iii) => (i). Assume that S = Ra is a Stallings section for the m-epi tt : ^4* — > G. Let 
u & S g and u G 5/, for some g,h £ G. Since uott = (uv)ir = gh, we get mJ G S*^ and so 
SgSh C S'gfc. Therefore = SgS/i and so i?^ satisfies (S2'). □ 
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